
AN APPROXIMATE FORMULA FOR ESTIMATING GENETIC RELATIONSHIP
IN A SIRE FAMILY
CHANGHSIN WU

Department of animal genetics, Beijing Agricultural University,
Beijing, China

SUMMARY
This paper deals with a sire family in which full-sibs and half-sibs 

are mixed. The genetic relationship in such a family varies with the num
ber of females mated with the male and the number of progeny from each 
female. An approximate formula is given to estimate the average genetic 
relationship and this is applicable to both equal and unequal numbers of 
progeny per female. Also it has been proved that this formula can be used 
when taking samples of progeny.

The formula is especially suitable for those animals which have a 
large number of offspring such as pigs, rabbits, poultry, fish, silkworm 
and some laboratory animals.

INTRODUCTION
Genetic relationship is an important parameter in animal breeding.

It can be used in many cases such as for estimating heritability or breed
ing value from the records which are given by different relatives.

A sire family is derived from a male mating with several females, so 
that the progeny within females are full-sibs and between females are half- 
sibs. (Garber and Godbey, 1952) The genetic relationship in such a mixed 
family varies with the number of females mated with the male and the number 
of progeny from each females. An approximate formula is given to estimate 
the average genetic relationship and this is applicable to both equal and 
unequal numbers of progeny per female. Also it has been proved that this 
formula can be used in the case of taking samples of progeny.

FORMULA AND DEDUCTION

The approximate 
family is

formula for estimating genetic relationship in a sire
r d + 1

4d
(1)

where r: genetic relationship d: the number of females

The equation was deducted as follows
We assumed that a male mated with d females and each female had n. 

progeny, so that the total number of progeny in a sire family was dn. If 
any two individuals were taken from the progeny, they would be either full- 
sibs or half-sibs. According to the method of combination, the number of 
total sib pairs was d̂n-j _ dn ( dn - 1) _ Among them, the number of full-

2 2
sib pairs was ,/H> dn (n - 1) and the number of half-sib pairs was d(2) = --- -----

,dn, , ,n, dn (dn - n) l ̂  J - d (. ̂ 1 = ----------
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Given that the genetic relationship between full-sibs is %  and between half- 
sibs is }4. So the average genetic relationship in this sire family was

_ # [ dn (n-1 )3 + K C dn (dn-n)} _ 0.5 (n-1) + 0.25 a (d-1) ^2^
dn (dn-1) dn-1

Equation (2) is the formula to estimate the genetic relationship in 
the case of equal numbers of progeny per female. It is clear, when d = 1, 
r = 0.5, that is to say, all the progeny within one female are full-sibs. 
And when N = 1, r = 0.25. This means that all the progeny are half-sibs 
if there is only one progeny per female. When the number of progeny is 
getting larger and larger, n - 1  approaches n and dn - 1 approaches dn.
At that time equation (2) is very close to:

0.5n -i- 0 .2 5 n (d-1) _ 0,5 + 0 . 2 5  (d-1) _ 2 + d-1 _ d + 1 
r dn ~ d ~ ~ ltd

That is the equation (1) which we need to deduce.
In fact, the genetic relationship calculated by equation (1) is rather 

close to that calculated by equation (2), even if the number of progeny, 
n, is not very large. For instance, a sire family consisted of a male 
mated with 10 females (d = 10) and each female had 5 progeny (n = 5). The 
genetic relationship in this family was 0.5 (5-1) + 0.25 (5) (10-1)

r _ (10) (5) -1 =
0.27 when equation (2) had been used and was .. 1 0 + 1  „ when equa-

r  -   ̂ (1 0 )  "
tion (1). had been used. Obviously equation (1) is the upper limit of equa
tion (2) .

UNEQUAL NUMBERS OF PROGENY FROM EACH FEMALE

The deduction given above assumed that the case was of equal numbers 
of progeny per female, but in a real situation the reproductive ability of 
females differs one from another. Can the approximate formula be used in 
an unequal progeny case?

Let us consider two families, A and B, which had equal numbers of fe
males and total progeny, but, in family B, females had different numbers of 
progeny. The genetic relationship in family B was higher than in family A, 
because there were more full-sib pairs in family B than in family A.

Family A Family B
No. of progeny No. of progeny

Female
a3

k

if
k

Female
3
5

12 12

Full-sib pairs in family
r k ,
' ?'family B were (p) + (?) + (^)

A were 
= 19-

ij.3(̂ ) = 1 8 and full-sib pairs in

Thus, if we used the average number of progeny n to substitute into 
equation (2), the genetic relationship would be lower than the actual one. 
Since equation (1) is the upper limit of equation (2), a correction could 
be given by use of equation (1). The following example shows that equation 
(1) is still a very efficient formula for estimating genetic relationship 
when the numbers of progeny per female are unequal, but not extremely
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different from each other. Also, the example gives a procedure to calcu
late the genetic relationship, even if the numbers of progeny are extremely 
different between females.

Example: Calculate the genetic relationship from the following data.
Female a b o d e  Total

No. of progeny 10 20 13 18 15 76
Solution:
Total pairs are = 2 8 5 0 , full-sib pairs are

d 2

( 2°) + (̂ °) + (1̂ ) + ( + ( 2 )̂ = 571 and half-sib pairs are
2 8 5 0 - 571 = 2279. So, the average genetic relationship of that family was

0.5 (57D + 0.25 (2279) r = ---------------------
2850

A very similar result could be given by equation (1)
d + 1 6 _ _r = ----  = —  = 0.3

*ld 20

TAKING SAMPLES FROM PROGENY

0 .3 0 0 1

In animal breeding, sometimes it is impossible, or not necessary, to 
observe all the progeny. Very often we take samples to represent a whole 
population. In random sampling, every individual has the same chance to 
get into a sample, but in a certain sample, some of the females may have 
more progeny than others. For instance, if we take 5 individuals from a 
progeny population which came from 5 females. There are 7 different cases 
of sample distribution and different genetic relationships. (Supposing 
that order of females is not considered).

Table 1 Genetic relationship in different sample 
distribution of 5 progeny

Sampling case A
Female 

B C D E
Full-sib
pairs

Half-sib
pairs

Genetic
relationship

1 5 0 0 0 0 1 0 0 0 .5 0 0

2 k 1 0 0 0 6 b O . b O O

3 3 2 0 0 0 b 6 0.350
b 3 1 1 0 0 3 7 0.325
5 2 2 1 0 0 2 8 0 .3 0 0

6 '2 1 1 1 0 1 9 0.275
7 1 1 1 1 1 0 10 0 .2 5 0

It is incorrect to use an ordinary mean to express the genetic rela-
tionship of that family . Different weights should be given since there
are different probabilities in those 7 cases. To make the question more
simple, we assume that each female has 5 progeny. Now, it becomes a
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question of combinations in groups of 5 individuals from a population of 
25. The frequencies of combinations in different sampling cases are shown 
in Table 2.

Table 2 The frequencies of combinations in different sampling cases

Sampling case Within females Between females Total

1 1 5 5
2 25 20 5 0 0

3 100 20 2000
it 250 30 7500
5 500 30 15 0 0 0

6 1250 20 2 5 0 0 0

7 3125 1 3125
Sum total 53130

The total frequency in Table 2 should be equal to the combinations in 
taking 5 individuals from a population of 2 5 , that is

d 5 )
5 ! C25 - 51!

= 53130

The frequencies within females are the frequencies of combinations
which may occur in 5 progeny of each female. Taking sampling case 2 for
instance (see Table 1). We got progeny from female A and 1 progeny from
female B, so that the combination within female A was , 5 \ c’ l J  = 5 and witmn
female B was ((j) = 5-

According to the law of probability, if things occur independently, 
the total probability is the product of probabilities which may occur sepa
rately. So the frequency within females in sampling case 2 was 5 x 5 =  25. 
The frequencies between females are the frequencies of combinations which 
may happen in different females if the order of females is considered.
Still taking sampling case 2 for instance, the sample " k "  might appear in 
any of 5 females, so the combination was 5̂) _  ̂ and. the sample "1" also
might appear in any of 5 females, however on the condition that " k "  already 
appeared in one of the 5 females, then ”1" could only appear in any of 
other  ̂females, so the combination was (4} = ^  ThUS) the combination
between females in sampling case 2 was 5 x k = 20. The total frequency in 
each case is the product of frequencies within and between females.

For the above analysis we can calculate the average genetic relation
ship of that family according to the figures given in Table 1 and 2.

0.5 x 5 + O A  x 500 . + 0.25 x 3125
55130 = 0.29

A very similar result could also be obtained by use of the approxi
mate formula, that is d + 1 

ifd
= _  = 0.30
20
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In the case of unequal numbers of progeny from each female, the ef
ficiency of the approximate formula has already been proved. The conclu
sion is true, too, in a sampling case.

D ISC USSIO N

(1) This approximate formula is true when we assume that the number 
of progeny per female is very large. So, the larger the number of progeny, 
the more efficient is the formula to be used. Animals such as pigs, rab
bits, poultry, fish, silkworm and some laboratory animals have high repro
ductive ability. Those animals with large numbers of progeny satisfy use 
of the approximate formula.

(2) When n is fixed and d is greater than 1, the larger the number 
of females, the more efficient is the formula to be used. This can be 
satisfied by increasing the number of females mated. Generally speaking,
5 females mated with a male can approach an sufficient efficiency.

(3) If the numbers of progeny per female differ widely from each 
other, the genetic relationship calculated by the approximate formula may 
be biased downwards. This occurs especially in the case of sampling since 
the progeny from those females which have low reproductive ability are 
very rare, so that they have little opportunity to come into a sample.

(4) Since the approximate formula only deals with the number of fê r 
males, d., and the progeny number n is not under consideration, it is possi
ble to estimate the genetic relationship before progeny have been produced.
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