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INTRODUCTION 
In animal breeding, Gaussian link functions are often used for univariate or multivariate binary 
responses when generalized linear models are fitted. It is possible, however, to replace the 
Gaussian process by a heavy-tail distribution, such as the Student-t, for the underlying liability. 
Gianola and Sorensen (1996) described univariate-t and multivariate-t distributions for 
Bayesian threshold models, and Kizilkaya et al. (2001) studied calving ease in cattle using a t 
link function. Our objective was to fit a multivariate threshold model for clinical mastitis in 
Norwegian Cattle using a t link function with unknown degrees of freedom, in order to infer 
heritability and genetic correlations in the underlying scale. A comparison between the t and 
Gaussian link functions was carried out using the pseudo Bayes factor and a residual analysis.  
 
MATERIAL AND METHODS  
Data. The data represented 36,178 first-lactation daughters of 245 Norwegian Cattle (NRF) 
sires from 5,286 herds. The interval ranging from 30 days prior to calving to 300 days post-
partum was divided into the following 4 periods: (-30,0), (1-30), (31-120) and (121-300) days 
for each cow. Within each period, a cow was considered to have mastitis if veterinary 
treatment was recorded at least once in the period. Hence, each cow had at most 4 binary 
mastitis records. Mastitis frequency was 4.7%, 10.1%, 5.6% and 7.4% in the four periods, 
respectively. 
 
Statistical model. A Bayesian threshold model was used, assuming that mastitis (presence vs. 
absence) was a different trait in each period. A 4-variate linear model was fitted at the level of 
the unobserved liabilities. The scale mixture linear model, of which the t-model is one of the 
members, can be written as: 

   li= Xi β + Zh,i h + Zs,i s +
ei
ωi

.  (1) 

In (1), li=[li,1,li,2,li,3,li,4]′ is a vector of liabilities for cow i; β includes effects of year and age-
season of calving specific to each of the 4 periods; h is a (4×5286)×1 vector of herd effects on 
all 4 periods; s is a (4×437) ×1 vector of sire transmitting abilities for the 437 males in the 
pedigree file, and Xi, Zh,i and Zs,i are incidence matrices. The variable ωi ~  Gamma (ν2 , 2

ν )  is 
an unknown weight for all records of cow i, and ν is the unknown degrees of freedom 
parameter. The residuals ei=[ei,1,ei,2,ei,3,ei,4]′ were assumed to follow the normal process ei ~ N 
(0, I). All variances in this normal distribution are equal to one since these parameters cannot 
be identified in the threshold model. Given β, h and s, but unconditionally to ωi, li is 
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multivariate-t with covariance matrix I )( 2−ν
ν . A smaller value of ν results in heavier tails of 

the distribution. Residuals of the same cow are uncorrelated, but not independent in the 
multivariate-t model (Strandén and Gianola, 1998). Residuals were assumed to be independent 
between cows. 
 
Prior and posterior distributions. Herd effects were assumed to be normally distributed as h 
~ N (0, I⊗H), where H is the 4×4 (co)variance matrix between herd effects for the 4 periods 
and I is an identity matrix. Effects of different herds were assumed independent. The sire 
transmitting abilities in the liability scale were assumed to follow a s ~ N (0, A⊗G) 
distribution, where G is the (co)variance matrix between sire transmitting abilities for the 4 
periods, and A is the known additive genetic relationship matrix between sires. The prior for 
each of the elements of β was a proper uniform distribution. In addition, independent priors for 
H and G were of the form H ~ Wishart-1 (νH, VH), and G ~ Wishart-1 (νG, VG). A proper 
uniform prior was assigned to ν.  
 

 
Figure 1. Trace plots and posterior distribution of the degrees of freedom in the 
multivariate-t model 
 
Given the weights ωi, the conditional posterior distribution of each element of β is a truncated 
univariate normal process. The conditional posterior distributions of the herd effects and of the 
sire transmitting abilities are also normal. The herd and the genetic (co)variance matrices have 
inverse Wishart conditional posterior distributions. The conditional posterior distribution of ωi 
for cow i is Gamma. Gibbs sampling was used to draw from all conditional posterior 
distributions except for the degrees of freedom, ν. A random walk Metropolis-Hastings 
algorithm with a uniform proposal was employed for drawing this parameter as ν* = ν[t-1] + δε, 
where δ>0 is some small number, and ε is a random number from U[-1,1]. The acceptance rate 
was about 24%. Figure 1 displays the trace plots of iterations 1-5,000 and 10,001-15,000 for 
the degrees of freedom. It was decided to discard the first 10,000 iterations as burn-in, and 
inferences were based on the 190,000 subsequent samples. 
 
Model comparison. A pseudo Bayes factor and an analysis of residuals were used for model 
assessment. The pseudo Bayes factor is the ratio between the predictive likelihoods of two 
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competing models. The predictive log-likelihood of the observed data was evaluated using the 
harmonic mean of the likelihoods of samples from the posterior distribution (Gelfand and Dey, 
1994). Residuals were defined as in Albert, J.H. and Chib (1993), and Albert, J. and Chib 
(1995). A given residual has a continuous-valued posterior distribution on [yij-1,yij], where yij 
is the observed binary response. An observation was considered unusual if the posterior 
distribution of the residual was concentrated away from zero (Albert, J.H. and Chib, 1995). 
 
RESULTS AND DISCUSSION 
The logarithm of the pseudo Bayes factor was 230.9, strongly favoring the multivariate-t 
model. The distributions of the posterior means of the residuals for clinical mastitis in the 
probit and t models are in Table 1, by period. A residual was negative if mastitis was not 
present, and it was positive otherwise. Most of the residuals fell in the range of -0.2 to 0, i.e., 
when cows were healthy. The probit and t models had similar distributions of residual when 
cows were healthy. However, the t model tended to have smaller residuals than the probit 
model in all 4 periods when cows had mastitis. For example, 3.26%, 1.35%, 5.28% and 4.24% 
of residuals in the probit model for the 4 periods had posterior means larger than 0.9, whereas 
the corresponding figures for the t model were only 0.99%, 0, 1.91 and 0.14%. This suggests 
that the t model tended to fit better when cows had mastitis. The posterior distribution of the 
degrees of freedom was nearly symmetric as shown in Figure 1. The posterior mean of ν was 
6.4 with a posterior standard deviation 0.46, and the Monte Carlo standard error was 0.0228. 
Hence, the data gave stronger support to the t model. 
 
Table 1. Distributions of the posterior means of residuals for clinical mastitis for probit 
and t models (percentage of records in 4 periods) 

 
Model Period -.4 < rij ≤ -.2 -.2 < rij ≤ 0 .6 < rij ≤ .8 .8 < rij ≤ .9 .9 < rij 

Probit model 1 0.05% 95.23% 0.07% 1.40% 3.26% 
 2 0.42% 89.52% 0.57% 8.14% 1.35% 
 3 0 94.40% 0 0.32% 5.28% 
 4 0 92.58% 0 3.18% 4.24% 

t model 1 0.07% 95.20% 0.26% 3.47% 0.99% 
 2 0.79% 89.15% 1.72% 8.34% 0 
 3 0 94.40% 0.01% 3.68% 1.91% 
 4 0.04% 92.54% 0.19% 7.09% 0.14% 

  
The posterior distributions of the herd (co)variances were nearly symmetric. The posterior 
mean of the herd variance was 0.17 before calving, and ranged between 0.06 and 0.10 after 
calving. This illustrates that herd effects are important, specially for period 1. The distributions 
of the sire variances in the 4 periods were slightly skewed to the left, and the posterior means 
were 0.0562, 0.0282, 0.0240 and 0.0217, respectively. The heritability of liability to clinical 
mastitis in the ith period of lactation in the multivariate-t model is 

ii

ii
ih G

G42
)2( +

×

−
=

ν
ν , where Gii is 

the ith diagonal element of the matrix G, and ν is the degrees of freedom. Heritability of 
liability to clinical mastitis for the 4 periods was 15%, 7%, 6% and 6%, respectively. The 
posterior distributions of the genetic correlations between the 4 periods of lactation under the t 
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model are in Figure 2. The distributions were skewed because the parameter space has an upper 
bound at 1. All genetic correlations were positive and strong, and the posterior means ranged 
between 0.52 and 0.75. In conclusion, the study suggests that the assumption of a normal 
liability of clinical mastitis is not warranted in the Norwegian Cattle population, and that a 
thick-tailed distribution is more plausible. 
 

 
Figure 2. Posterior distributions of the genetic correlations between liability to clinical 
mastitis in different periods of lactation in the multivariate-t model 
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