
7th World Congress on Genetics Applied to Livestock Production, August 19-23, 2002, Montpellier, France

Session 20. Prediction of breeding values Communication N° 20-23

APPLICATION TO RESTRICTED BEST LINEAR UNBIASED PREDICTION OF
BREEDING VALUES FOR A PART OF ANIMALS IN POPULATION

M. Satoh

National Institute of Agro-biological Sciences, Tsukuba 305-8602, Japan

INTRODUCTION
Kempthorne and Nordskog (1959) gave the basic derivation of restricted selection indices. The
index theory was further extended to include various restrictions by Mallard (1972), Harville
(1974 ; 1975), among others. In practical applications, however, large data sets with unknown
means and related animals render restricted selection index predictors of breeding values
impossible to compute. Quaas and Henderson (1976) extended the BLUP procedure of
Henderson (1973) to allow estimation of breeding values including restrictions for no genetic
change among correlated traits (R-BLUP).
Itoh and Iwaisaki (1990) found that a canonical transformation of the traits to new independent
variables was possible and, consequently, only mixed model equations of relatively smaller
order for each trait need to be solved. However, this is applicable only to identical mixed
models for all traits and no partially missing observations. Satoh (1998) showed a new
procedure for computing R-BLUP which is available particularly without repeated records. But
if restrictions are imposed on only a part of animals, we have to calculate product of a sub-
matrix of additive relationship matrix (A) for writing R-BLUP equations.
The objectives of the present paper are to show a procedure for writing R-BLUP equations
without A squared and to apply this procedure to evaluation of candidates for selection, when
the constraints were imposed on the additive genetic values of a part of animals in population.

THEORY AND APPLICATIONS
Theoretical background. An additive genetic mixed model for q traits is assumed. The model
for the ith trait is written as :

yi = Xibi + Ziui + ei

where yi is a vector of observations for the ith trait; bi is a vector of unknown fixed effects; Xi is
a known incidence matrix relating elements of bi to yi; ui is a vector of unknown random
additive genetic effects for the n animals; Zi is a known incidence matrix relating elements of
ui to yi, and ei is a vector of random errors. Let nj be the number of records on the jth animal; j =
1, 2, ..., n and 0 ≤ nj ≤ q. The model for all traits is written as :

y = Xb + Zu + e
where records are ordered by animals within traits. It is assumed that u and e are multivariate
normally distributed with E(u) = 0 , E(e) = 0, var(u) = G, var(e) = R, and cov(u, e') = 0; G =
G0⊗A, where G0 is a q × q additive genetic variance-covariance matrix for the q traits and R is
an n. × n. (n. = Σni) error variance-covariance matrix for the q traits for the n animals.
Let the set of restrictions on u be C'u. If the same constraints are imposed on the additive
genetic values of all animals, C = C0⊗In where C0 is a q × r matrix with full columns rank. The
number of columns of C0, r, depends on the number and type of constraints imposed: no-
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change and (or) proportional change. This will be illustrated subsequently. Kempthorne and
Nordskog (1959) defined C0 for no-change constraints. For example, if the restriction is no-
change for the second trait, C0 might be

C'0 = C'z = [ 0 1 0 ⋅⋅ 0 ]
Here r (=z) is the number of traits constrained. For the case of proportional constraints (2 ≤ p ≤
q traits), define :

C'0 = C'p = [ diag(cp) -k1 0(p−1)×(q−p) ]
where k'1= [ c1   c2 ... cp-1 ] and ci is a predetermined proportional change for traits 1, 2, …, p
(Mallard, 1972; Itoh and Yamada, 1987). Note that r = p−1. Furthermore, if constraints include
both no-change and proportional change, the form of C0 = [ Cz ¦ Cp ], and then r = z+p−1. The
restricted BLUP of u, uo, is obtained by solving the following equations (Quaas and
Henderson, 1976) :

 X'R-1X X'R-1Z X'R-1ZGC  bo X'R-1y 
Z'R-1X               Z'R-1Z+G-1               Z'R-1ZGC            uo =    Z'R-1y [1]
 C'GZ'R-1X C'GZ'R-1Z C'GZ'R-1ZGC  ho C'GZ'R-1y

where bo is a vector of some solution to b and ho is a vector of Lagrange multipliers.
Two simpler procedures for computing restricted BLUP. Equations [1] are represented as
in [2]

 X'R-1X X'R-1Z K X'R-1ZP  bo X'R-1y 
K'Z'R-1X        K'Z'R-1ZK+K'G-1K       K'Z'R-1ZPu*   =     K'Z'R-1y [2]
 P'Z'R-1X P'Z'R-1ZK' P'Z'R-1ZP  h* P'Z'R-1y 

where
 0 0 

uo =  k0 0 ⊗Inu* = K0⊗Inu* = Ku*,  P0 = G0C0⊗In,  and h* = (Ir⊗A-1)ho,
 0 Iq-r-1

where k'0 = [ k'1/cp   1] and K0 is a q × (q−r) matrix. Equations [2] are represented simpler,
when animal model without repeated records is used (see Satoh, 1998). If the constraints are
imposed on the additive genetic values of a part of animals in population, then

C = C0⊗Jm [3]
where Jm is an identity matrix with columns pertaining to n−m animals without constraints
deleted. We can apply the different restrictions to the different animals, e.g., different
constraints for different groups or constraints applied only to animals available for selection,

C = {diag (Ci⊗Jmi)}
where Ci (i = 1, 2, …, s) is a matrix for constraints of ith group and mi is the number of animals
with constraints in ith group. However, if the constraints are imposed on only a part of animals
in population, equations [1] cannot be represented as in [2]. Then for an example, for animal
model with one record in each trait, no missing observations, and the same restriction for a part
of animals, from [3] the third row and column of coefficient matrix of equations [1] is :

C'GZ'R-1ZGC = (C'0⊗J'm)(G0⊗A)(R0
-1⊗In)(G0⊗A)(C0⊗Jm) = C'0G0R0

-1G0C0⊗
J'mA2Jm. [4]
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Since the equations [1] include square of A, it is difficult to write R-BLUP equations.
Furthermore, with repeated records, partially missing observations, and the different constraint,
the equations [4] are more complex. Then if we denote the equations [1] as Wso = v, an
equivalent set of equations for bo and uo is :

QWQ'(Q')-1so = Qv
where

 It 0 0 
Q =  0 Inq 0 

 0 -C'G Inr
where t is the number of the columns of X. Then equations [1] are represented as in [5]

 X'R-1X X'R-1Z 0  bo  X'R-1y 
Z'R-1X      Z'R-1Z+G-1                             -C   uo+GCho        =       Z'R-1y [5]
 0 -C' C'GC  ho   0 

The equations [5] do not include squared A.
Geometric interpretation of restricted breeding values. Probability elliptic equation of two-
trait breeding values is g'G0g= c, where g is a vector in which the ith element is breeding value
of the ith trait and c is a constant. Consider the equations of a straight line as

g = t1k [6]
where k is a vector of relative desired changes and t1 is any constant, then k' = cpk'0 = [c1   c2
... cp ]. The gradient of the tangent to the curve g'G0g = c at a intersection of g = t1k and g'G0g

= c is g = t2G0
-1k, where t2 is any constant. The equation of the slope g = t2G0

-1k containing the
point g0 is as in [7]

g = g0 + t2G0
-1k. [7]

Then if g0 is a vector of breeding values for some animal, the restricted breeding value is led
from [6] and [7]. This can be applied to more than two-trait.
Computer simulation. A stochastic simulation of a closed breeding herd was conducted
assuming four generations without overlapping to compare the response to selection. Animals
in the last generation were selected based on R-BLUP of breeding values. Candidates (10,000
males and 10,000 females) for selection were produced from 1,000 sires and 5,000 dams in
generation 3, of which only the grandparents and parents were assumed to be in the base and
the next generation, respectively. The base animals were assumed to be unselected, unrelated,
and noninbred. All animals in each generation were mated at random. Two different traits were
considered. The heritability (hi

2: the ith trait) and the genetic (rG) and environmental (rE)
correlations between them were all combinations of 0.1 and 0.5, and -0.5, 0, and 0.5,
respectively. The phenotypic records were simulated based on a linear model consisting of a
fixed effect of sexes and random additive genetic and residual effects. The constant between
sexes was considered to be 0.1σpj

2, where σpj
2 is the phenotypic variance of the jth trait. Each

animal was assumed to have one phenotypic record in each trait, providing a total of 62,000
animals. Twenty five percent of animals in the last generation were selected based on R-BLUP
which constraint was for either whole animals or for both or each sex in the last generation for
relative desired changes of 1:1. Twenty replicates were simulated for each combination of
genetic parameters.
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RESULTS AND DISCUSSION
Restricted BLUP is available when two types of constraints are used practically for selection,
i.e. zero change in one or a few traits and proportional change for several or all traits. The
calculation of R-BLUP imposed on the same restrictions to all animals is easier. However, if
we want to apply the different constraints to males and females or the constraints only to
candidates for selection, it is difficult to write R-BLUP equations because of including A
squared. In this case, equations [5] are available for computing R-BLUP. This technique can
also be applied to animal model with more than two random effects.
Presented in Table 1 are the correlations between true and R-BLUP of breeding values based
on three different constraints. The true restricted breeding values were calculated from
equations [6] and [7]. The difference between correlations for the different constraints was the
largest when the genetic correlation between two traits is negative, in particular the same
heritability of 0.5. The correlation between true and R-BLUP of breeding values was the
highest when the constraints were imposed on all animals. The results show that the constraint
to a part of animals in population may not be the optimum evaluation for desired change.

Table 1. Correlations between true and R-BLUP of breeding values with different
constraints

h1
2=0.1, h2

2=0.5 h1
2=0.5, h2

2=0.5
rG rE All Last Sex All Last Sex

-0.5 -0.5 0.49 0.48 0.47 0.78 0.75 0.69
0 0.45 0.44 0.42 0.70 0.66 0.59

0.5 0.42 0.40 0.37 0.65 0.59 0.49
0 -0.5 0.54 0.54 0.54 0.85 0.85 0.83

0 0.51 0.51 0.51 0.79 0.77 0.75
0.5 0.49 0.49 0.48 0.74 0.72 0.69

0.5 -0.5 0.47 0.46 0.44 0.89 0.89 0.89
0 0.48 0.48 0.47 0.83 0.83 0.82

0.5 0.48 0.48 0.48 0.79 0.78 0.78
Constraint for All: whole animals, Last: the last generation, Sex: each sex in the last generation.

REFERENCES
Harville, D. A. (1974) J. Am. Stat. Assoc. 69 : 446-452.
Harville, D. A. (1975) Biometrics 31 : 223-225.
Henderson, C. R. (1973) Proc. Anim. Breed. Genet. Symp. in honor of Dr JL Lush. ASAS : 10-

41.
Itoh, Y. and Iwaisaki, H. (1990) Genet Sel Evol  22 : 339-347.
Itoh. Y and Yamada, Y. (1987) Genet. Evol.  19 : 69-82.
Kempthorne, O. and Nordskog, A. W. (1959) Biometrics 15 : 10-19.
Mallard, J. (1972) Biometrics 28 : 713-735.
Quaas, R. L. and Henderson, C. R. (1976) Mimeo, Cornell Univ. Ithaca, NY : 1-14.
Satoh, M. (1998)  Genet. Sel. Evol. 30 : 89-101.


	APPLICATION TO RESTRICTED BEST LINEAR UNBIASED PREDICTION OF BREEDING VALUES FOR A PART OF ANIMALS IN POPULATION
	M. Satoh
	INTRODUCTION
	THEORY AND APPLICATIONS


	where k'0 = [k'1/cp  1] and K0 is a q \( \(q\�
	C = C0(Jm[3]
	Geometric interpretation of restricted breeding values. Probability elliptic equation of two-trait breeding values is g'G0g= c, where g is a vector in which the ith element is breeding value of the ith trait and c is a constant. Consider the equations of
	g = t1k[6]
	Computer simulation. A stochastic simulation of a closed breeding herd was conducted assuming four generations without overlapping to compare the response to selection. Animals in the last generation were selected based on R-BLUP of breeding values. Cand
	
	RESULTS AND DISCUSSION

	Table 1. Correlations between true and R-BLUP of breeding values with different constraints
	REFERENCES


