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ABSTRACT: The ability of genomic information to 
predict an animal’s genetic merit depends on the number of 
animals whose genotypes went into training, the reliability 
of the EBV for those animals, and genetic distance between 
the animals used in training and the animal being evaluated. 
A set of approximate variances and covariances between 
molecular and phenotypic breeding values were derived 
which incorporate the above features. The approximations 
indicate that the variance of a molecular breeding value and 
its covariance with an animal’s breeding value decrease as a 
linear function of that animal’s distance from training. In 
addition, the approximate covariance between an animal’s 
molecular breeding value and EBV provides a means of 
adjusting for the fact that the same phenotypic information 
was used both to train the molecular breeding value and to 
predict its phenotypic EBV. 
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INTRODUCTION 
Although genomic selection has been widely 

adopted in multiple breeds across multiple species, there is 
considerable room for refinement of prediction 
methodologies.  Given that training populations have been 
built often in an ad-hoc manor, relationships between the 
training set and the prediction set and the information 
content contained within training was not determined a 
priori. In order to refine the methods with which genomic 
predictors are included into genetic evaluations, clear 
identification of relationships between molecular breeding 
values (MBV), EBV, and BV of animals in training and 
prediction sets must be defined.  

The ability of genomic information to predict an 
animal’s genetic merit depends on the number of animals 
whose genotypes went into training, the reliability of the 
EBV for those animals, and genetic distance between the 
animals used in training and the animal being evaluated. A 
MBV for an animal is defined as the sum of the animal’s 
genomic covariates multiplied by the estimated genomic 
effects. The reliability of a molecular breeding value is a 
function of the variance of the MBV, the covariance of the 
MBV with the breeding value (BV) of the animal being 
evaluated, and the additive genetic variance. In addition, the 
increase in the reliability of an EBV after incorporation of 
genomic information also depends on the covariance 
between phenotypic EBV and the MBV.  

The objective of this paper is to develop an 
approximate structural form for the variance of the MBV, 
the covariance between the MBV and the BV, and the 
covariance between the MBV and the phenotypic EBV.  
The approximations incorporate information about the 

reliabilities of the phenotypic EBV of animals used in 
training, the additive genetic relationships between the 
animals used in training, and the additive genetic 
relationships between the animals in training and the 
animals being evaluated. The approximations were 
developed using a model similar to those used in genomic 
Best Linear Unbiased Prediction (Meuwissen et al., 2001; 
Habier et al.,2007; VanRaden 2008). 

 
MATERIALS AND METHODS 

Model.  The vector of BV is defined to be u=Mb 
where M is a matrix of genomic covariates and b is a vector 
of genomic effects. The columns of the matrix M, 
corresponding to each genomic covariate, are assumed to be 
uncorrelated with column i having mean 0 and covariance 
matrix Aσ2

Mi where A is the numerator relationship matrix. 
A genomic relationship matrix G is defined to be 
MM’/∑σ2

Mi.  
The vector of genomic effects is assumed to be 

distributed with a mean of 0 and covariance matrix Iσ2
b. 

The vector of BV will therefore be distributed with a mean 
of 0 and covariance matrix Aσ2

u where σ2
u=∑σ2

Miσ2
b. 

The vector of phenotypic records is modeled as  
y=Xβ+Zu+e 

where β is vector of fixed effects, X and Z are design 
matrices, and e is residual vector with mean 0 and 
covariance matrix Iσ2

e. The vector of EBV based on  
phenotypic information alone is denoted by û with 
covariance matrix Rσ2

u, where diagonal elements of R are 
the reliability of the phenotypic EBV. 

The subscripts i and j relative to matrices Aij, Mi, 
ui, and ûi  denote sub-matrices or -vectors corresponding to 
animals whose genotypes were used in training (1) or not 
used in training (2). 

Variance of the molecular breeding value. 
Ignoring higher order terms and using the approximation  

E(M2|M1)≅A12A-1
11M1 

(e.g. Aguilar et al., 2010) the covariance matrix of the 
estimated genomic effects conditional on the genomic 
covariates of the genotyped animals, M1, is approximately 
equal to:  

M1’A11
-1Var(û1)A11

-1M1 /(∑σ2
Mi)2. 

 The vector of MBV for all the animals is obtained 
by multiplying the matrix of genomic covariates with the 
estimated genomic effects.  

Using the approximation above, the covariance 
matrix of the MBV conditional on the genomic covariates is 
approximately equal to 

M M1’A11
-1Var(û1)A11

-1M1 M’/(∑σ2
Mi)2, 

which is a quadratic form of the genomic relationship 
matrix G. Taking the expected value of the quadratic form 



and using the following approximation for the covariance 
between elements ij and kl of the genomic relationship 
matrix of  tr(∑σ4

Mi)(aikajl+aalajk)  an approximation for the 
variance of the MBV can be obtained.  

The approximate variance of the MBV for  animal 
a (MBVa) is  

Var(MBVa)≅(1+α)a1a’A11
-1Var(û1)A11

-1a1a 

+αtr(A11
-1Var(û1))aii 

where α=(∑σ4
Mi)/(∑σ2

Mi)2 and a1a is the vector containing 
the additive relationships between the animal being 
evaluated and the animals whose genotypes were used in 
training.  
 For animals whose genotypes were used in 
training a1a’A11

-1Var(û1)A11
-1a1a reduces to Var(ûa).  

Therefore, the approximate variance of the MBV is a linear 
function of the reliability of the phenotypic EBV.  

For animals whose genotypes were not used in 
training a1a’A11

-1Var(û1)A11
-1a1a  reduces to 

Var(BLUP(ua|û1)) where BLUP(ua|û1) is the BLUP of the 
breeding value for animal a based on the EBV of the 
animals used in training. Therefore, the approximate 
variance of the MBV decreases linearly as the distance 
increases, measured by Var(BLUP(ua| û1)),  down to a base 
of  αtr(A11

-1Var(û1)) for non-inbred animals. 
 Covariance between a breeding value and a 
molecular breeding value.  Conditioning on the genomic 
covariate matrix M, an approximate covariance between the 
breeding value of an animal and its molecular breeding 
value can be obtained. The covariance between the 
breeding value of animal a and its molecular breeding value 
is approximately equal to 

ma’M1’A11
-1Cov(û1,û’)A-1Mma/(∑σ2

Mi)2, 
where ma’ is row a of the matrix of genomic covariates. As 
with the conditional variance of the MBV the 
approximation above  is also a quadratic form of the 
genomic relationship matrix G.  

Taking the expected value of the quadratic form 
the approximate covariance between the BV and MBV of 
animal a  

Cov(MBVa, ua)≅(1+α)a1a’A11
-1Cov(û1,ûa) 

+αtr(A11
-1Var(û1))aii. 

For animals whose genotypes were used in 
training the approximations for Cov(MBVa, ua) and  
Var(MBVa) are then identical. For animals not in training 
the approximations  differ only in that Var(MBVa) is a 
linear function Var(BLUP(ua| û1)) and Cov(MBVa, ua) is a 
linear function Cov(BLUP(ua| û1), ûa). 
 Covariance between molecular and phenotypic 
breeding values.  To get an approximate covariance 
between the molecular and phenotypic breeding values of 
animal a we again start by conditioning on the matrix of 
genomic covariates M. The conditional covariance between 
the molecular and phenotypic breeding values of animal a 
is approximately equal to 

ma’M1’A11
-1Cov(û1,ûa)/(∑σ2

Mi) 
+ ma’M1’A11

-1Cov(û1,û’)A-1(G-A)A-1Cov(û1,ûa)/(σu
2∑σ2

Mi).  
The approximate covariance is the sum of linear and 
quadratic functions of the genomic relationship matrix.  

Taking the expected value of the conditional 
covariance matrix yields  

Cov(MBVa,ûa)≅ a1a’A11
-1r1aσu

2  
+αr1a’A11

-1r1aσu
2 

+αtr(A11
-1Var(û1))raa σu

2. 
where r1a is a subvector of the phenotypic reliability matrix 
R whose elements correspond to the animals whose 
genotypes were used in training with the animal being 
evaluated and raa is the phenotypic reliability of animal a. 
 

RESULTS AND DISCUSSION 
 In the situation where the animal being evaluated 
is unrelated to the animals used in training and whose 
phenotypic information that went into predict its EBV did 
not contribute to prediction the EBV of the animals used in 
training, above approximate variances and covariance can 
be simplified to  

Var(MBVa)≅αtr(A11
-1Var(û1))aii,  

Cov(MBVa, ua)≅αtr(A11
-1Var(û1))aii, and  

Cov(MBVa,ûa)≅αtr(A11
-1Var(û1))raa σu

2. 
The approximate MBV reliability in this situation is 
therefore given by   

rg
2≅αtr(A11

-1Var(û1))/σu
2 . 

The approximate variances and covariances can now be 
written as:  

Var(MBVa)≅rg
2aii σu

2
,  

Cov(MBVa, ua)≅rg
2aii σu

2,and  
Cov(MBVa,ûa)≅rg

2raa σu
2. 

Therefore for animals who are not linked to the information 
used in training, the covariance between the MBV and the 
EBV of an animal is only due to the fact they are both 
estimating the same BV.  
 The reliability of a MBV is greater for animals that 
are genetically related to the animals used in training.  The 
size of the increase in MBV reliability for an animal being 
evaluated is a function of both the reliability of the EBV of 
animals used in training and additive genetic relationships 
between the animal being evaluated and those used in 
training. The greatest increase for animals not in training is 
realized when the animal being evaluated is the progeny of 
high reliability animals that were used in training.   
 In addition the approximate variance and 
covariance provide a measure of the distance of an animal  
from training in the form of Var(BLUP(ua| û1)). This 
distance metric is directly related to changes in the MBV 
reliability. As the variation in this metric increases among 
animals in evaluation, the need for MBV of variable 
accuracy also increases to avoid bias in the genomic 
predictor. For animals whose genotype are in training the 
distance is proportional to the reliability of the animal’s 
EBV.  
 The approximate forms of the (co)varainces 
between molecular and phenotypic based BV presented 
here provide insight relative potential sources of bias that 
can enter into EBV when EBV are enhanced with genomic 
information.  Moreover, these approximations provide a 
structural form for modeling these relationships to 
accommodate known bias in genetic evaluations due to 
additive relationships between training and prediction sets 
when animals within training have varying reliabilities 
associated with their EBV. 
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