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ABSTRACT: We compared two different restricted selec-
tion procedures. A Monte Carlo simulation of a closed herd 
of 10 males and 100 females was carried out to examine 
response to selection over 10 generations. The breeding 
objective was to maximize genetic gain in trait 1 (T1), with 
the constraint of no change in trait 2 (T2). The heritabilities 
of the two traits were all combinations of 0.1, 0.3, and 0.5. 
Genetic and environmental correlations between T1 and T2 
were all combinations of –0.7, 0.0, and 0.7. Two restricted 
BLUP methods were used: the same restriction on all ani-
mals (AR-BLUP) and constraint on only candidates for 
selection (PR-BLUP). Genetic gains in T1 using PR-BLUP 
were always larger than by AR-BLUP. Responses to selec-
tion in T2 by applying PR-BLUP were smaller than by AR-
BLUP. We concluded PR-BLUP to be more effective than 
AR-BLUP for selection with constraint. 
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Introduction 
 

Restricted selection is used to control genetic 
changes in one or more characters to be improved. It is an 
efficient method for antagonistic selection. Kempthorne and 
Nordskog (1959) formulated the concept of imposing re-
strictions on a conventional selection index (R-SI). Harville 
(1975), Yamada et al. (1975), and Brascamp (1984) further 
extended this index theory to include constraints for propor-
tional changes. As an extension of selection index theory, 
restricted best linear unbiased prediction (R-BLUP) was 
developed by Quaas and Henderson (1976). The original 
method for calculating R-BLUP was further improved by 
Quaas and Henderson (1976), Itoh and Iwaisaki (1990), and 
Satoh (1998). Although these methods are based on impos-
ing the same restriction on all animals (AR-BLUP), the 
breeding values of all animals need not be subjected to the 
same restriction. For example, restrictions imposed on 
breeding values of dead animals are meaningless because 
the constraints should generally apply only to breeding val-
ues of animals available for selection. However, if re-
strictions are imposed on breeding values for only some 
animals in a population (PR-BLUP), the calculations be-
come more complex and costly with respect to memory 
requirements and computing time. Satoh (2004) showed a 
new procedure for calculating PR-BLUP of breeding val-
ues. This technique is better than the previous method in 
terms of both memory requirement and computing time. 

 
The objective of this paper was to compare the ef-

fects of selection based on PR-BLUP and AR-BLUP of 
breeding values. To compare the response to selection, data 

were generated using a Monte Carlo computer simulation 
with different genetic parameters. 
 

Materials and Methods 
 

Theoretical background. An additive genetic 
mixed model for q traits is written as: 

 
y = Xb + Zu + e, 

 
where y is a vector of observations; b is a vector of un-
known fixed effects; u is a vector of unknown random addi-
tive genetic effects for n animals; e is a vector of random 
errors; X is a known incidence matrix relating elements of b 
to y; and Z is a known incidence matrix relating elements 
of u to y. Assume that u and e are multivariate normally 
distributed with E(u) = E(e) = 0, var(u) = G, var(e) = R, 
and cov(u, e') = 0; G = G0⊗A, where G0 is an additive 
genetic variance-covariance matrix for the q traits, A is an 
additive relationship matrix for n animals, and R is an error 
variance-covariance matrix. 

Let the set of restrictions on u be C'u. If the same 
constraint is imposed on the additive genetic values of all 
animals in a population, C = C0⊗In, where C0 is a q × r 
matrix with full columns rank (Mallard (1972)). The num-
ber of columns of C0, r, depends on the number and type of 
constraints imposed: no change and (or) proportional 
change (Satoh (1998)). If the constraints are imposed on the 
additive genetic values of some animals, C = C0⊗Jm, 
where Jm is an identity matrix with columns pertaining to n 
− m animals without constraints deleted (Satoh (2004)). The 
R-BLUP of u, 𝐮, is obtained by solving the following equa-
tions (Quaas and Henderson (1976)): 
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where 𝐛 is a vector of some solution to b and 𝐭 is a vector 
of Lagrange multipliers. 
 

Computer simulation. Data from a stochastic 
procedure were used to simulate a closed herd. The base 
population consisted of 10 males and 100 females that were 



assumed to be unrelated, unselected, and sampled randomly 
from a conceptually infinite population. Ten separate gen-
erations of selection were simulated, excluding the base 
generation. Each male was randomly mated to 10 selected 
females. The probability of conception in a single mating 
was assumed to be 0.9. Litter size at weaning was randomly 
sampled from a normal distribution with mean of 10 and 
standard deviation of 2.85 and rounded to the nearest whole 
number. The number of males in a litter was drawn from a 
binomial distribution with a probability of 0.5. After wean-
ing, 200 males and 200 females per generation were select-
ed as candidates for breeding stock; first, a maximum two 
males and two females per litter were randomly selected; 
second, if the total number of candidates was insufficient, 
one animal from each litter was randomly added to the can-
didates. From the candidates for selection, 10 males and 
100 females were selected in each generation. 

 
An infinitesimal additive genetic model (Bulmer 

1980) was assumed. Two performance traits (T1 and T2) of 
all animals were measured before puberty. The values for 
heritability of these two traits were all combinations of 0.1, 
0.3, and 0.5. The values for genetic (rG) and environmental 
(rE) correlations between T1 and T2 were all combinations 
of –0.7, 0.0, and 0.7. For simplicity the phenotypic variance 
in the base population was assumed to be 1.0. Genotypic 
values of the base population were sampled from a normal 
distribution with mean equal to zero and variance of hj

2, 
where hj

2 is the heritability of the jth performance trait in the 
base population. 

 
The additive genetic value (gij) of the ith animal 

with the jth trait was generated using the following equation: 
 

g!" =
g!"# + g!"#

2
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1
2
−

F!" + F!"
4

∙ CG!" ε! 

 
where g!"# and g!"# are additive genetic values of the jth trait 
for the sire and dam of the ith animal, respectively; F!" and 
F!" are the inbreeding coefficients of the sire and dam, re-
spectively; CG!" is the jmth element of a lower triangular 
matrix for Cholesky decomposition of an additive genetic 
variance–covariance matrix; and ε! is the mth element of a 
vector for standard normal deviates. Phenotypic values 
(p!"#$) of T1 and T2 were simulated using the following 
equation: 
 

p!"#$ = 𝜇! + G!" + S!" + g!" + CE!" ε! 

 
where 𝜇! is the overall mean of the jth trait; G!" is a fixed 
effect of the kth generation; S!" is a fixed effect of the lth sex; 
and CE!" is the jmth element of a lower triangular matrix for 
Cholesky decomposition of an environmental variance–
covariance matrix. The generation effects were assigned 
from a uniform distribution in a range of ±0.5 phenotypic 
standard deviation units. The male constant for the sex ef-

fect was simulated as 0.5 phenotypic standard deviation 
units larger than the female constant for each trait. 

The breeding objective for selection was to max-
imize the genetic gain in T1 with the constraint of no 
change in T2. After a record had been obtained for each 
trait in candidates for selection, the animals were evaluated 
based on either R-SI as a control, AR-BLUP of breeding 
values, or PR-BLUP of breeding values under an animal 
model. The same genetic parameters as described for the 
simulated population were used for the evaluation model. 
To solve equation (1), the methods described by Satoh 
(1998) for AR-BLUP and by Satoh (2004) for PR-BLUP 
were used. 

 
Average breeding values for T1 and T2 and aver-

age coefficiensw of inbreeding in each generation were 
calculated from the individual values. Two thousand repli-
cates were simulated for each combination of genetic pa-
rameters and selection methods. 
 

Results 
 

We are unable to show all the results of this study 
due to the numerous combinations of genetic parameters. 
Figures 1 and 2 show responses to selection with constraint 
selected by R-SI, AR-BLUP, and PR-BLUP through 10 
generations for all combinations of rG and rE, and for h1

2 = 
h2

2 = 0.1 and h1
2 = h2

2 = 0.5, respectively. These figures are 
typical of changes in genetic gain for all combinations of 
genetic parameters. We do not show responses to selection 
in the figures when rG = 0, since AR-BLUP of breeding 
value is theoretically the same as PR-BLUP of breeding 
value in that case. Genetic gains in T1 with selection on R-
SI were the smallest. The genetic gains in T1 with selection 
on  PR-BLUP were always larger than with selection on 
AR-BLUP. Responses to selection in T2 with selection on 
AR-BLUP tended to be positive when rG < 0 and negative 
when rG > 0. Although we do not show it in the Figures, the 
standard deviations of genetic gain for T1 and T2 with se-
lection on AR-BLUP tended to be larger than with selection 
on PR-BLUP. 
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Figure 1: Responses to restricted selection with maximal
gain for trait 1 (abscissa) and zero gain for trait 2
(ordinate). Both heritabilities for trait 1 and 2 are 0.1.



 
 
Table 1 shows inbreeding coefficients at genera-

tion 10 with selection on AR-BLUP and PR-BLUP for dif-
ferent genetic parameters. As expected, inbreeding coeffi-
cients with selection on AR-BLUP were almost the same as 
with selection on PR-BLUP when rG = 0. Inbreeding coef-
ficients were higher with selection using PR-BLUP than for 
AR-BLUP when rG < 0. However, inbreeding coefficients 
were higher with selection using AR-BLUP than for PR-
BLUP when rG > 0. Although the inbreeding coefficient 
was dependent on the value of rG, inbreeding tended to be 
smaller with selection using PR-BLUP than for AR-BLUP. 
 

 
Discussion 

 
Kempthorne and Nordskog (1959) described the 

basic derivation of a selection index with constraints, which 
ensured that selection resulted in no change in some charac-
ters. Harville (1975), Yamada et al. (1975), and Brascamp 
(1984) further extended this principle to include various 
restrictions. In practical applications, however, large da-
tasets with unknown means and related animals render re-
stricted unbiased predictors of breeding values impossible 
to calculate based on selection index procedures. Quaas and 
Henderson (1976) extended restricted selection index theo-
ry to no genetic change among correlated traits for predict-
ing breeding values to include the possibilities of observa-

tions with unknown means, missing records, and related 
animals, namely the R-BLUP procedure. 

 
The original method for calculating R-BLUP of 

breeding values, AR-BLUP, has been improved (Quaas and 
Henderson (1976); Itoh and Iwaisaki (1990); Satoh (1998)). 
This method has also been used in various studies based on 
field data (Díaz et al. (1999); Nomura et al. (2001)), selec-
tion experiments (Hagger (1992)) and computer simulation 
(Toro and Silió (1992); Ieiri et al. (2004)). However, re-
strictions should generally apply only to breeding values of 
animals available for selection. For example, restrictions 
imposed on breeding values of castrated or dead animals 
are meaningless. If the constraints are imposed on breeding 
values for all animals in a population, the AR-BLUP proce-
dure increases the number of mixed model equations for 
constraints. Hence, the predictions by AR-BLUP seem to be 
essentially more biased than those by PR-BLUP. However, 
PR-BLUP has hitherto not been used for restricted selection 
because the calculations are vastly more complex than those 
for AR-BLUP. Satoh (2004) developed an easier procedure 
for computing PR-BLUP. Using this procedure allowed us 
to compare the effects on selection based on AR-BLUP and 
PR-BLUP of breeding values using stochastic computer 
simulation with various genetic parameters. 
 

Conclusion 
 

Genetic gain in T1 was larger with selection using 
PR-BLUP than AR-BLUP, and genetic change in T2 was 
smaller with selection using PR-BLUP than AR-BLUP. For 
T1 and T2, the standard deviations of genetic gain with 
selection using AR-BLUP tended to be larger than those 
with selection using PR-BLUP. Inbreeding tended to be 
smaller with selection based on PR-BLUP than with AR-
BLUP. Response to selection using PR-BLUP is thus more 
desirable than with AR-BLUP. 
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Figure 2: Responses to restricted selection with maximal
gain for trait 1 (abscissa) and zero gain for trait 2
(ordinate). Both heritabilities for trait 1 and 2 are 0.5.

Table 1. Inbreeding coefficients* at generation 10 with 
selection using AR-BLUP (AR) or PR-BLUP (PR) for 
different genetic parameters 

rG rE h1
2 = h2

2 = 0.1  h1
2 = h2

2 = 0.5 
AR PR  AR PR 

–0.7 –0.7 23.1 31.4  21.1 22.2 

 0.0 25.2 34.3  24.8 26.9 

 0.7 26.7 35.4  26.4 29.1 
0.0 –0.7 31.4 31.5  22.2 22.2 

 0.0 31.4 31.3  22.2 22.2 

 0.7 31.4 31.4  22.2 22.1 
0.7 –0.7 45.5 35.6  35.0 29.2 

 0.0 44.3 34.8  32.0 27.1 

 0.7 41.2 31.8  24.7 22.4 
*percent 


