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ABSTRACT: One of Henderson’s important contributions
was the discovery of simple rules to compute the inverse of
the numerator relationship matrix without the need for the
construction of the numerator relationship matrix. Recent
development in genomic technology made it possible for
animals to be genotyped for large numbers of SNPs. Two
approaches have been proposed for inclusion of SNP data
into national genetic evaluation systems for livestock:
single-step and multiple-step procedures. The single-step
procedure requires the inversion of G which is currently
computationally intensive and therefore not suitable for
large-scale genetic evaluation. One of the main bottlenecks
in the computation of the G-1 using the procedure proposed
by Faux is the construction of the T-1. We propose a
recursive method for the computation of some elements of
the T-1. The proposed method could circumvent the
computational challenges associated with Faux’s method.
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Introduction
Genetic evaluation of livestock and crops has been
and continues to be an active area of research. For example,
the research of the pioneers of animal breeding and genetics
such as Prof Lush and his colleagues at Iowa State University contributed immensely in the statistical developments
that preceded the current state-of-the-art genetic evaluation
systems employed worldwide. The use of all performance
data to evaluate the genetic merit of an animal through use
of the additive genetic relationships led to more accurate
genetic predictions and therefore rapid genetic progress.
The recent sequencing of the bovine genome has led to the
availability of genomic data that could be used in practical
livestock breeding programs. The dairy industry has embraced genomic selection (Meuwissen et al. (2001)) as a
tool to identify superior breeding stock. Genomic selection
is a relatively new procedure and some fine-tuning is still
required to ensure that the technology matures.
Incorporation of genomic data into conventional
genetic evaluation systems is currently an active area of
research. Two approaches are available for including genomic data in the national genetic evaluation systems: the
single-step and multiple-step approaches (VanRaden
(2008); Misztal et al. (2009)). A multiple-step procedure is
prone to biases and errors (Misztal et al. (2009)) while a
single-step procedure is computationally intensive and has

therefore not been used extensively in national genomic
selection programs. Misztal et al. (2009) described strategies for computing solutions of breeding values from a single-step procedure. The inverse of G is required in the single-step procedure at least in the form presented by Misztal
et al. (2009). Computing G-1 is a daunting task and strategies have been suggested for computing G-1 (e.g. Faux et al.
(2012); Meyer et al. (2013)). However, the efficiency of the
proposed methods depends on the number of genotyped
animals. The objective of the current paper is to propose
and describe a procedure for computing elements of the
genomic T-1 for a parent-offspring pair. This method is an
extension of Henderson’s T-1.
Materials and Methods
Current theory: Henderson (1976) and Quaas (1976) are
two landmark papers that circumvented the computational
challenges that limited large-scale genetic evaluation using
animal model. Subsequent to this theoretical development
the fitting of an animal model in national genetic evaluation
systems become common place and estimated breeding
values could be made available to all potential selection
candidates. The main breakthrough in these theoretical developments was the discovery of simple and efficient rules
for the construction of the inverse of the numerator relationship matrix (A-1). Following Henderson (1976), A-1
could be decomposed as follows: A-1 = (T-1)’(D-1)2( T-1).
Henderson (1976) showed that T-1 could be computed easily
because T can be constructed recursively. The T-1 is a
sparse lower triangular matrix with all diagonal elements
being 1 and the off-diagonal elements in each row being 0’s
except for the columns corresponding to the parents of the
animal where the elements are -0.5. Thus, T-1 has a simple
structure and only knowledge of the parents of the animal in
question is sufficient to construct this matrix. Faux et al.
(2012) extended Henderson’s result to the scenario where
relationships are calculated from marker data so that G-1 =
(T-1)’(D-1)(T-1) where G-1 is the inverse of the genomic relationship matrix (G) if G is a symmetric positive definite
matrix; T-1 and D-1 are matrices computed from genomic
data. Faux et al. (2012) used an approximation of G-1:
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Only certain elements of 𝐓 !! that meet a specified criterion
are computed. The elements of 𝐓 !! were computed by
Least Square method and 𝐃!! was calculated using the following relation:
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Then, 𝐆!! is calculated recursively using
!!
!!
!!
!!
= 𝐓!
′ 𝐃!
𝐓!
where 𝐆!   is an approx-

imation of 𝐆!! at round k. There are two computational
challenges with this method. Firstly, the construction of 𝐓
is computational intensive. Secondly, matrix multiplication
during the solving of the least square equations is also a
challenge (Faux et al. (2012)).
Proposed method: In the spirit of Henderson’s T-1
contributions by relatives to an individual’s genetic evaluation is only mediated through their parents hence the only
non-zero elements of the row of T-1 for a given animal,
apart from the diagonal elements, are those corresponding
to the individual’s parents. That is, collateral relatives do
not contribute any more than could be discerned from the
pedigree. Non-zero elements of T-1 could be thought of as
the additive relationship between two individuals assuming
that their parents were unrelated. The matrix T-1 is denser
when genomic data is considered. In the current develop- 	
  
ment we are interested in the elements of T-1 corresponding
to the animal of interest (individual i) and its parents (s and
d). Assuming that s and d are base animals, the genomic
relationship between individual i and its parent s is given
by:
𝑔!" = 𝑎!" + 𝜑!"

!
Note that 𝑎!" = 0.5 ∗ (𝑎!" + 𝑎!" ) and the accompanying 𝜑!"
should be sought so that all contributing Mendelian sampling terms are traced. Considering  𝑎!" , the correct Mendelian sampling term should be derived using i and its parents
!
s and d. Thus, 𝜑!"
= 0.5 ∗ (|𝜑!" | + |𝜑!" |) so that:
!
!
𝑔!" = 0.5𝑎!! + 0.25 ∗ 𝑎!" +  𝑎!" + 𝜑!"
+ 𝜑!"

(5)

The recursion cannot proceed further since base animals
have been reached. The complete Mendelian sampling
terms for 𝑔!" is given by:
𝜑′′!" = 𝜑!" + 𝜑!"    + 0.5 ∗ 𝜑!" + 𝜑!" .
!!
Thus,𝐓!"
= 𝑔!" − 𝜑′′!" .
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where 𝑔!" is the genomic relationship between i and s and
𝑎!"    and 𝜑!"   are the corresponding pedigree and the Mendelian sampling relationships, respectively. The element corresponding to individuals i and s of the T-1 in this instance
is 𝐓!"!! = 𝑔!" − 𝜑!" where 𝜑!" = |𝑔!" − 𝑎!" |. According to
the extant theory  𝑎!" = 0.5 ∗ 𝑎!! + 𝑎!" .   The above recursion could be used to show that 𝜑!" can also be obtained
recursively as is the case with the additive genetic relationship. Unlike additive genetic relationships where 𝑎!" is calculated using the relationship between the older animal (s)
of the pair and the parents of the younger animal (i), the
Mendelian sampling relationship 𝜑!"   is based on the Mendelian sampling relationship between the younger animal of
the pair (i) and its parents s and d. This should be repeated
until base animals are encountered in the recursion. We use
the pedigree example in Figure 1 to show the application of
the relation just pointed out to derive  𝜑!" . If the parents of k
were both base animals the relation in Equation (4) would
hold.
𝑔!" = 𝑎!" + 𝜑!"

!
𝑔!" = 0.5 ∗ 𝑎!! + 𝑎!" + 𝜑!"
+⋯

(4)

To obtain correct 𝜑!" from the equation above, we should
!
consider  𝑎!" such that𝜑!"
= |𝜑!" | + |𝜑!" |. The Mendelian
sampling terms associated with 𝑔!" could be derived as
follows:
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Figure 1: An example pedigree (adapted from Faux et
al. (2012))
Results and Discussion
A simple rule was derived in the current study for
computing non-zero elements of the genomic T-1 matrix
corresponding to the animal of interest and its parents. The
derivation here uses the recursive rule of calculating pedigree relationship between two individuals. The main principle considered is that appropriate Mendelian sampling relationships that contributed to the realised relationship could
be traced. The approach follows naturally from Henderson’s rules for computing the pedigree-based T-1.
The construction of the approximation of T-1 was
considered one of the major bottlenecks in the application
of the method proposed by Faux et al. (2012) to compute
the approximation of G-1. The method proposed in the current study could be useful in overcoming the computational

limitations associated with Faux et al. (2012)’s method. The
theoretical development presented in the current study
might circumvent the challenges associated with practical
application of the single-step method for large scale genetic
evaluation. The fact that the numerator relationship matrix
appears naturally in our method might shed some light on
the inconsistencies that occurs when the pedigree and genomic relationships are combined in the H matrix (Legarra
et al. (2009); Misztal et al. (2009)).
Conclusion
The method proposed in the current study is a natural extension of the Henderson’s T-1. This generalization
might have valuable properties for the more optimal integration of genomic data in conventional genetic evaluation
models. The recursive nature of computing Mendelian sampling relationship is a novel contribution of the current paper. Further research is currently under way to consider the
generalization of the method proposed here to all elements
of the T-1 including those between collateral relatives.
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