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ABSTRACT: The linear mixed model has been used in 
genome-wide association studies to account for population 
relatedness using variance component estimates. Here, we 
developed a Bayesian analysis using a variational inference 
method, a so-called variational Bayes (VB), to determine 
the marginal distributions of variance components. In 
addition to developing the VB method, we used simulation 
to compare its estimates of variance components with those 
from Gibbs sampling and restricted maximum likelihood. In 
the simulation scenarios we configured three levels of 
heritabilities (0.01, 0.50, and 0.80) and three population 
sizes (100, 500, and 5000). In the case of low heritability 
(0.01) and low population size (100), we observed strong 
bias in the VB method; less bias was detected with larger 
population sizes in every method examined. The computing 
time required was much shorter with the VB method than 
with Gibbs sampling. 
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INTRODUCTION 
Variance component estimates are important in 

animal breeding and genetics. With the declining cost of 
genotyping high-density single nucleotide polymorphisms 
(SNP), the genome-wide association study (GWAS) has 
become a common approach to livestock breeding 
programs. Currently, population relatedness in GWAS-
based mapping is accounted for by using a linear mixed 
model based on the restricted maximum likelihood (REML) 
method. The REML method has been used to estimate 
variance components describing the population relatedness 
of target traits because of its merit in terms of theoretical 
properties. Bayesian analysis with the Gibbs sampling 
method has been used to estimate variance components in 
the case of more complicated analytical models than REML. 

Bayesian analysis using a variational technique, 
the so-called variational Bayesian (VB) method, has been 
proposed in the fields of machine learning and computing 
science (Bishop (2006)). The VB method is part of an 
approximation method, and in terms of processing of the 
program, the VB method is much faster than the Markov 
chain Monte Carlo method, especially for large data sets, 
and its properties are more desirable than those of the 
Laplace approximation. The VB method is a deterministic 
method for estimating full posterior distribution, which is 
concisely assessed to the parameter of interest. 

Our objective was to compare the estimation 
performance of the VB method with those of Gibbs 
sampling and REML by using simulated data sets. 

 

MATERIALS AND METHODS 
Model. We consider a univariate mixed linear 

model, as follows: 
y = Xb+Zu+e 

where y is an observation vector, b and u are location 
parameters with different prior distributions, e is the 
residual error, and X and Z are design matrices. The 
likelihood for the model and the prior distributions for b 
and u can be specified as , 

, and , respectively, where 
, , and  are expressed as the variance for b, the 

genetic variance, and the residual variance, respectively, 
and G is a genomic relationship matrix (VanRaden (2008)). 
In this study,  is a constant value and the prior 
distributions for  and  are expressed as  
and , respectively, where υu and υe are the 
degrees of freedom for  and , respectively, and  
and  are scale parameters for  and , respectively. 

VB. The VB method is to approximate the 
conditional posterior distribution p(θ|y) by using an 
approximating distribution q(θ). The difference between the 
true posterior p(θ|y) and approximate q(θ) distributions can 
be measured by the Kullback–Leibler (KL) divergence, 

. 

In the VB method, the approximate distribution 
q(θ) is determined that the KL divergence is minimized 
(Bishop (2006)). We assumed that q(θ)

 
factorizes into q(θ1) 

q(θ2),…,q(θM), where θ1, θ2,…,θM are mutually exclusive 
subsets of θ. Using this assumption, q(θi) can yield the 
optimum densities satisfying: 

, [1] 

where C is a normalized constant and E-θi[ ] indicates the 
expectations of parameters other than θk. 
 We divided the parameters into four 
components to apply the variational approximation,  
q(b,u, , ) = q(b) q(u) q( ) q( ). 
 Application of [1] yielded the optimum 
variational posterior distributions. The variational posterior 
for b, q(b), is a multivariate normal distribution with mean:  

and variance-covariance matrix: 

  



where E[] indicates the expectation calculated with respect 
to the variational posteriors of the relevant parameters. q(u)

 is a multivariate normal distribution with mean:  

and variance-covariance matrix: 

. 

q( ) represents the inverse chi-squared distribution 
 with , and 

, from which we obtain 
.
 

 The marginal posterior distribution for , q(

), is an inverse chi-squared distribution, , 

with  and  . Therefore, we 
obtain: 

.
 

Our convergence criterion was that the changes in 
the ratio of the lower bounds between consecutive rounds 
were less than 10–8. 
 Gibbs sampling. Gibbs sampling is a kind of 
Markov chain Monte Carlo method for generating random 
samples from full conditional distributions. Our full 
conditional distributions for parameters were the same as 
those of Wang et al. (1993). For sampling efficiency for 
location parameter u, we used an eigenvalue decomposition 
for the G matrix; this technique was similar to the REML of 
Kang et al. (2008). A total of 100,000 samples were 
generated, and the first 10,000 were discarded as burn-in 
iterations. Values of parameters were sampled every 10 
cycles to obtain posterior means for the variance 
components. 

REML. Because G is a dense matrix, we used an 
algorithm similar to that of Lee and van der Werf (2006) to 
estimate variance components without using a sparse matrix 

technique. The convergence criterion was that the changes 
in the ratio of the log likelihood between consecutive 
rounds were less than 10–8. 

The methods were programmed in R language. 
Computations were done on a PC with a Xeon E5620 2.4-
GHz processor, and 24 Gb of RAM. 

Simulation. Stochastic simulations were 
performed with QMSim (Sargolzaei and Schenkel (2009)) 
to compare VB with Gibbs sampling and REML. Ten 
chromosomes 100 cM long were simulated; 1000 biallelic 
markers and 50 QTL per chromosome were randomly 
distributed, giving a total of 10,000 markers and 500 QTL. 
QTL effects were sampled from a Gamma distribution with 
a shape parameter of 0.4. Phenotypic variance was assumed 
to be 1.0, and three heritabilities (0.01, 0.50, and 0.80) were 
used to examine the effects of genetic variance on the 
precision of the methods used to estimate the variance 
components. 

First, 200 historical generations were generated in 
a population with an effective population size of 100, 500, 
or 5000 to produce linkage disequilibrium. Then, 
populations of 100, 500, and 5000 animals with equal 
numbers of each sex were generated. For each scenario, 10 
replicates were run. 
 

RESULTS AND DISCUSSION 
Estimates of variance components were compared 

among the VB, Gibbs, and REML methods (Table 1). 
When a small population was used, the VB method gave 
strongly biased estimates. Notably, in a low heritability 
situation (h2 = 0.01), the genetic variances from the VB 
method became increasingly overestimated, as population 
sizes were decreased. When 5000 animals were used, the 
three methods gave almost the same variance component 
estimates at all assumed heritabilities. When population size 
of 100 and h2 = 0.50 were assumed, the empirical standard 
error was larger with Gibbs sampling than with the other 
methods. This suggests that iteration in the Gibbs sampling 
process had a large Monte Carlo error. The variance 
components estimated by using REML were generally less 
biased than those obtained by using the Gibb sampling; this 

Table 1. Average estimates and empirical standard errors of variance components over 10 replicates, as obtained by using the 
variational Bayes (VB), Gibbs sampling, and restricted maximum likelihood (REML) methods. 

No. 
animals 

h2 = 0.01  h2 = 0.5  h2 = 0.8 
Residual Genetic  Residual Genetic  Residual Genetic 

TRUE 0.99 0.01  0.50 0.50  0.20 0.80 
 VB         
 100 0.89 ± 0.15 0.24 ± 0.14  0.54 ± 0.20 0.59 ± 0.20  0.24 ± 0.12 0.74 ± 0.11 
 500 0.94 ± 0.07 0.09 ± 0.04  0.50 ± 0.07 0.51 ± 0.07  0.22 ± 0.06 0.78 ± 0.09 
 5000 0.98 ± 0.01 0.01 ± 0.01  0.58 ± 0.02 0.43 ± 0.02  0.31 ± 0.01 0.73 ± 0.03 
 Gibbs sampling        

 100 1.04 ± 0.12 0.05 ± 0.13  0.55 ± 0.33 0.61 ± 0.40  0.13 ± 0.14 0.95 ± 0.17 
 500 1.00 ± 0.06 0.01 ± 0.01  0.50 ± 0.07 0.50 ± 0.07  0.20 ± 0.07 0.82 ± 0.12 
 5000 0.99 ± 0.01 0.00 ± 0.01  0.58 ± 0.02 0.43 ± 0.02  0.31 ± 0.01 0.73 ± 0.03 

 REML         
 100 1.01 ± 0.20 0.05 ± 0.18  0.54 ± 0.26 0.54 ± 0.27  0.19 ± 0.15 0.80 ± 0.16 
 500 1.02 ± 0.11 0.00 ± 0.09  0.50 ± 0.07 0.50 ± 0.07  0.21 ± 0.06 0.79 ± 0.09 
 5000 0.99 ± 0.02 0.02 ± 0.01  0.58 ± 0.02 0.43 ± 0.02  0.31 ± 0.01 0.73 ± 0.03 

 



finding agreed with the results of Waldmann and Ericsson 
(2006). 

Average computing times were compared among 
the methods (Table 2). Furthermore, the iteration numbers 
with the VB method was compared among heritabilities 
(Table 3). The computing times for the VB method were 
generally faster than those for Gibbs sampling or REML. 
The total number of iterations with Gibbs sampling was 
100,000 in all simulated data sets, and then no differences 
in computing time with Gibbs sampling were found within 
the same population size. The number of iterations with the 
REML method until convergence was almost 6 in most data 
sets, and no differences were identified in the computing 
times with REML within the same population size. With the 
VB method, when low heritability was assumed, a greater 
number of iterations until convergence was required, 
resulting in increased computing time. 

Although with the Gibbs sampling only a slight 
increase in computing time was observed with an increase 
in population size from 100 to 500, with this sampling 
method the output process of Gibbs sampling appeared to 
be a major bottleneck in the total computing time. When the 
population size was assumed to be 5000, the REML method 
took >1 h to achieve convergence. This result might be 
attributable to the need for inversion of the variance–
covariance matrix in the process of construction of an 
average information matrix.  

Here, we investigated the computing properties of 
VB inference in estimating variance components by using a 
genomic relationship matrix computed from SNP markers. 
In GWAS-based mapping, preceding method used to test 
each marker must be made more efficient so as to reduce 
computing time. A parameter-expansion algorithm for the 
VB method has been proposed to accelerate computing time 
(Qi and Jaakkola (2006)). Further study may be necessary 
to investigate whether VB inference is useful for GWAS of 
livestock data. 
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Table 2. Averages and standard deviations of computing times over 10 replicates, as obtained by using the variational Bayes 
(VB), Gibbs sampling, and restricted maximum likelihood (REML) methods. 

No. 
animals 

VB REML Gibbs sampling h2 = 0.01 h2 = 0.5 h2 = 0.8 
 100 0.09 ± 0.01 0.06 ± 0.02 0.05 ± 0.01 0.08 ± 0.01 59.24 ± 3.38 
 500 0.60 ± 0.09 0.24 ± 0.04 0.15 ± 0.02 4.03 ± 0.79 66.75 ± 1.42 
 5000 40.41 ± 38.42 9.06 ± 1.40 5.91 ± 0.89 3771.92 ± 634.95 185.12 ± 8.37 

 

Table 3. Averages and standard deviations of numbers of iterations using variational Bayes over 10 replicates. 
No. animals h2 = 0.01 h2 = 0.5 h2 = 0.8 

 100 317.3 ± 39.0 208.9 ± 59.9 169.7 ± 26.3 
 500 974.8 ± 151.0 285.8 ± 30.9 239.3 ± 28.8 
 5000 893.1 ± 858.5 191.3 ± 7.2 120.9 ± 7.0 
 


