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Summary

The identification of chromosome sections affecting quantitative traits (QTLs) is essential in
the field of quantitative genetics. In certain types of populations there is high linkage
disequilibrium between markers. This causes the effects of adjoining markers to be highly
correlated. Especially when there are more parameters p than observations n (p»n), this may
cause inflated estimates of marker effects and genetic variability when the effects of all
markers are estimated simultaneously in multi-marker models and may also hamper
inferences on the position of putative QTLs.

In such situations basis functions (B-splines) offer the opportunity to model the genetic
effects of any number of markers p by a limited number of basis function effects. Moreover, a
covariance matrix between marker effects can be employed, which, in a Bayesian setting, can
be interpreted as a summary of prior knowledge on the genetic marker map and predominant
linkage phases in the population.

Therefore Bayesian multi-marker models and B-spline models were compared in a
simulation study for the example of a backcross population.

We simulated 12 different scenarios where 12 QTLs were either placed independently or
linked on a genome with 20 equally-sized chromosomes. While linkage was changed, effects
of those QTLs remained the same in all scenarios. Markers were equally spaced with
distances at 1 cM (p»n) and 5 cM (p≈n). For each scenario average results of 200 experiments
with 500 individuals were examined with respect to the size of estimated marker effects,
resulting genetic variance and the ability to identify QTL-carrying chromosomes.

B-spline basis functions decreased computation time, improved the precision of estimated
marker effects, genetic variances and genetic predictions compared to uncorrelated marker
effects. Further, including the correlation matrix in the analysis in particular showed no
inflated estimates of genetic variance. In conclusion correlations combined with B-splines
offer a suitable way for adapting the number of model parameters to the size of the genome,
irrespective of marker density.
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Introduction

The identification of chromosome sections affecting quantitative traits (QTLs) is essential in
quantitative genetics. Numerous kinds of Bayesian approaches exist, which allow the
identification of markers linked to QTLs. When all markers are used simultaneously (Xu,



2003) in a multiple regression method the number of parameters p (number of marker effects)
is likely to exceed the number of phenotypic observations n (p»n). The reason is that
experimental populations typically have sizes of several hundreds in contrast to thousands or
tens of thousands of markers simultaneously genotyped via SNP-chip technology. Upward
biased estimates of the genetic variance and of marker effects are among the consequences
when p substantially exceeds n. As an alternative we propose methods with a limited number
of B-splines (De Boor, 2001) in a Bayesian context, allowing for a limited number (according
to genome size) of basis function effects, while the number of markers remains virtually
unlimited. Additionally, we introduced a correlation matrix (Bonk et al., 2016) to include the
dependencies between markers. The suitability of these methods was investigated in a
comprehensive simulation study (backcross design).

Methods

Linear Mixed Model with Marker Effects

Marker effects m are analysed by a linear mixed model

y=1µ+Zm+e, (1)

where y is the vector of phenotypic values and µ corresponds to the population mean. The
design matrix Z contains genotype codes of +1 for homozygotes and -1 for heterozygotes.

The residuals e are normally distributed , where I is the identity matrix of

appropriate dimension and the residual variance.

Linear Mixed Model with B-splines

By using the theory of B-splines as De Boor (2001) introduced, set m=Bb and the linear
mixed model is changed to

y=1µ+Ƶb+e, (2)

where b is the vector of basis function effects and Ƶ the design matrix. This new Ƶ is the
product of the design matrix Z of coded genotypes and B, the design matrix of basis
functions, like Ƶ=Z·B. The design matrix B can be calculated with a recursive formula which
is shown in detail by De Boor (2001). Therefore a limited number of knots K and the degree l
of the basis functions must be defined in advance. The number of basis functions is Δ=K+l-1.

This model is now estimating basis function effects , which can be transformed back to

marker effects with .

Bayesian Specifications

A well-established model for estimating marker effects has been introduced by Xu (2003)
(method IN). Here the prior distributions for all parameters are given by



. (3)

With B-splines (method IBl with degree l) in the Bayesian model, the prior distributions are
now

, (4)

while priors for all other parameters remain as before.
Prior distributions allow the inclusion of known information in Bayesian calculations. The

correlation matrix R summarizes the knowledge of the genetic marker map, but differs
between experimental designs and kind of effects. Bonk et al. (2016) introduced the direct
calculation of the correlation between markers and summarized them in correlation matrices
R. For the design of backcross experiments these correlation matrices can be derived from
knowledge about the recombination rate and genetics.

In a dependent method, the correlation matrix R is included in the prior distributions. To
introduce B-splines, the correlation between basis function effects is needed, which can be
calculated with the help of R. Assuming that the correlation is expected value like
R=E(ZT·Z). This leads to E(ZT·Z)=BT·R·B=:Q, which is defined as Q. Taking the inversed,

squared diagonal elements of Q into a results in RB=DT·Q·D.
This new correlation matrix RB is included in a dependent version (method DBl), with the
following prior distributions

, (5)

where G=CRBC with C=diag(σk,…,σk). In contrast to method IN and IBl, there is one variance

parameter for each chromosome k. Priors for all other parameters remain as before.
Additionally the correlation matrix RB can be set as identity matrix I. In this case (method

RBl) the basis function effects are treated as independent.
An adaptive version (method ABl), similar to Lang et al. (2001), has the same prior

distributions as method DBl. The precision matrix G is different due to the inclusion of
regularization parameters Γ=diag(γ1,…,γΔ). The cholesky decomposition of RB=LT·L is
needed. The precision matrix G is then formed as G=CLTΓLC.

Material

The simulation data contained 12 scenarios with heritabilities h2 ϵ {0.17, 0.29, 0.70} and
marker distances of 1 cM and 5 cM. The genome comprised 20 chromosomes with a length of
100 cM with 12 different QTL effects. The first simulation included 12 independent QTLs
with different effects sizes. These 12 QTLs were simulated in coupling and repulsion on the
first four chromosomes in a second simulation. Each scenario contained 200 replications with
n=500 individuals per experiment. We chose two numbers of knots: K=11 (every 10 cM) and



K=21 (every 5 cM). We chose two degrees l ϵ {1, 2} to analyse the effect of B-splines.

Results and Discussion

Genetic Variance

All genetic variances were calculated with the correlation matrix and the estimated marker

effects like . Figure 1 shows the mean of the estimated genetic variances for
all scenarios and all methods. Method IBl (squares) performed best, especially with degree
l=1 (black colour). Except for two scenarios, where RB2 (grey circles) was slightly better.
The estimates of IBl (squares) were changing with increased parameters (number of knots)
and always overestimated. The estimations of RBl (circles) and DBl (plus signs) were very
similar and most stable with increased number of parameters. There was no difference
between the different degrees l. All values were underestimated. The adaptive version ABl

(triangles) performed worst. The values were underestimated, even with a high heritability of
70%. There was no difference by comparing the two degrees, but the estimates were better
with increasing number of parameters. All methods performed better when it came to
independent QTLs. Especially results of method ABl were underestimated with linked QTLs.
In two scenarios method IN performed best.

Genetic marker effects

Figure 2 shows the estimations of the first four chromosomes according to simulations of 5
cM and 1 cM with a low heritability of 17%. The diamonds locate the positions of the
simulated QTLs. Including B-splines had the most impact on the independent method IN (top
picture). In general there was no denoting difference between estimates with different degrees
l ϵ {1, 2}. The resulting peaks of method IN were higher than those of the other methods but
not at the right position. Furthermore the estimations of IN were fluctuating considerably
whereas the estimations of methods including B-splines were smoother. If there were densely
positioned QTLs, the results stated out intervals rather than single peaks. Having a closer look
to the first chromosome of simulations with 1 cM distances (right side), differences between
the methods became clear. Estimations of IN were even more fluctuating. There was a change
when different numbers of knots K were considered. When K=11 (one basis function every
10 cM), the estimates were rough but smoothed. When K=21 (one basis function every 5
cM), the estimates showed more flexibility and started to separate QTL positions.

Conclusion

The extension with B-spline basis functions and correlation matrices improved the precision
of estimated marker effects and genetic variances. This extension caused a reduction of
parameters (basis function effects instead of marker effects). Furthermore, the computational
time was immensely decreased.
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Figure 1: Simulated and estimated genetic variance for all scenarios. The line including the
stars shows the simulated genetic variance and the diamonds show estimations of the
independent method IN. Triangles represent the adaptive version, plus signs the dependent
version, squares the independent version and circles the version similar to ridge regression.
The blue colour indicates basis functions with degree l=1 and the red colour l=2.



Figure 2: Averages of estimated marker effects for a scenario with marker distances of 5 cM
(left) and 1 cM (right) and heritability h2=0.17. Diamonds indicate QTL positions. Blue and
red lines represent B-spline methods, results of independent marker methods are given as a
black line.


