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Summary

Fully orthogonalized Single-step SNP-BLUPs are shown to share the same convergence prop-
erties with respect to iterative solution methods. A new, numerically more efficient Single-step
SNP-BLUP formulation is presented in which the Single-step relationship matrix is expressed
using smaller pedigree of genotyped and their ancestors only. The numerical feasibility of the
new Single-step SNP-BLUP formulation is investigated in the case of very large number of
genotyped. Four different genotyping scenarios are simulated varying the proportion of geno-
typed animals in Nordic dairy cattle population. It is shown that the memory requirements of the
Single-step SNP-BLUP remain manageable when the number of genotyped animals increases.
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Introduction

Single-step genomic BLUP (ssGBLUP), Aguilar et al., 2010; Christensen & Lund, 2010, is a
special case of mixed model equations (MME) in which the between-animal relationships are
modelled via the aggregated relationship matrix H, build from the pedigree-based relationship
matrix A and the genomic relationship matrix Gg. When the number of genotyped individuals
increases, ssGBLUP, requiring inversion of the possibly singular genomic relationship matrix
Gg, becomes numerically challenged.

In Single-step single nucleotide polymorphism BLUP (ssSNP-BLUP), Fernando et al.,
2014, the original ssGBLUP effects are solved from a linearly equivalent MME having different
set of internal effects. The ssSNP-BLUP overcomes some of the computational challenges in
ssGBLUP. In particular, there is no need to construct or invert the genomic relationship matrix
Gg. There are, however, unlimited number of alternative ssSNP-BLUP formulations. Taskinen
et al., 2017 showed that by using fully orthogonalized random effects the convergence of iterative
solution was comparable to the original ssGBLUP.

In this paper, it is shown that all of the fully orthogonalized ssSNP-BLUP share basically
the same convergence properties with respect to the iterative solutions. A new ssSNP-BLUP
formulation is presented in which the Single-step relationshipmatrixH is expressed numerically
more efficiently using smaller pedigree of genotyped individuals and their ancestors only. The
feasibility of the ssSNP-BLUP in the case of very large number of genotyped is investigated
using different scenarios of proportion of genotyped animals in Nordic dairy cattle population.

Methods

In the following, we consider a single trait ssGBLUP model
y = Xb + Zu + e, (1)

where u ∼ (0, σ2
uH), e ∼ (0, σ2

eI), σ2
u is the genetic variance, and σ2

e the residual variance.
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Fully orthogonalized Single-step SNP-BLUP

The inverse of the ssGBLUP relationship matrix H is

H−1 = A−1 +

[
0 0
0 G−1

w − (A22)−1

]
=

[
A11 A12

A21 A22 +G−1
w − (A22)−1

]
. (2)

Here, the non-genotyped individuals are denoted with sub- and superscripts 1 and the genotyped
individuals by sub- and superscripts 2. Blocks of matrix A are denoted with subscripts and
blocks of inverse matrix A−1 with superscripts. Genomic relationship matrix Gg is usually
adjusted by regressing it towards the pedigree relationship matrix A22 with

Gw = (1 − w)Gg + wA22, (3)

where w is between 0 and 1 and can be interpreted as a relative weight on the polygenic effect.
In ssSNP-BLUP, the relationship matrix H is assumed to have decomposition (Taskinen

et al., 2017)

H =MG̃M′, (4)

where M is rectangular, usually a wide matrix, and G̃ is the relationship matrix of the internal
random effects typically having more effects than in the original ssGBLUP. Original Single-step
effects b̂ and û can then be solved from linearly equivalent MME

[
b̂
û

]
=

[
Ib 0
0 M

] [
X′X X′Z̃
Z̃′X Z̃′Z̃+λG̃−1

]−1 [X′y
Z̃′y

]
, (5)

where Z̃ = ZM is the new model matrix and λ = σ2
e

σ2
u
. If G̃ = I, an identity matrix, the new

random effects are fully orthogonalized and, thus, the inversion of the relationship matrix can
be avoided.

Iteration convergence of fully orthogonalized Single-step SNP-BLUPs

When solving MME like (5) using iterative solution methods, the convergence of the iteration
depends on the eigenvalue distribution of the MME matrix. Assuming that G̃ = I and the wide
rectangular matrix M has a singular value decomposition

M = UD̃V′ = U
[
D 0

]
V′, (6)

where D is diagonal square matrix containing the singular values, and U and V are orthogonal.
If the contribution of the fixed effects (matrix X) is disregarded and all individuals are assumed
to have one observation so that Z ≈ I, the eigenvalue distribution of the MMEmatrix can be ap-
proximatively examined from the random effect part. For the original ssGBLUP, the eigenvalue
decomposition of the random effect part is

Z′Z + λH−1 = Z′Z + λ(MG̃M′)−1 ≈ I + λ(UD̃V′VD̃′U′)−1 = U(I + λD−2)U′, (7)

where diagonal I + λD−2 contains the eigenvalues. Note that, since the eigendecomposition is
unique, matrices Mi of all different alternative fully orthogonalized ssSNP-BLUP formulations
H =MiM′i = UD2U′ share the same matrix D (and U).
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For the fully orthogonalized ssSNP-BLUP (5) the corresponding eigenvalue decomposi-
tion of the random effect part is

Z̃′Z̃ + λG̃−1 =M′Z′ZM + λI ≈ VD̃′U′UD̃V′ + λI = V
[
D2 + λI 0

0 λI

]
V′, (8)

where the identity matrices I are of the appropriate sizes. This means that all of the alternative
formulations of the fully orthogonal ssSNP-BLUP MME, possibly having different number of
effects (and eigenvalues), share here the same eigenvalues of D2+λI and all the rest eigenvalues
are equal to λ. For iterative methods, the numbers of distinct eigenvalues are, thus, the same
and, therefore, the numbers of iterations, observed in Taskinen et al., 2017, are almost identical.

Single-step SNP-BLUP using smaller pedigree of genotyped and their ancestors

We concentrate on ssSNP-BLUP formulations that are numerically efficient to calculate because
all ssSNP-BLUPs have almost the same number of iterations and give the same numerical results
due to the linear equivalence. The group of non-genotyped individuals (sub- and superscript 1)
is split into two groups: non-ancestors (n) and ancestors (a) of genotyped (2). Then, the inverse
of the pedigree relationship matrix A−1 = LL′ can be calculated from the sparse matrix

L =


Lnn 0 0
Lan Laa La2
L2n L2a L22


=



Lnn 0 0
Lan

[
L̂
]

L2n


, L̂ =

[
L̂a

L̂2

]
=

[
Laa La2
L2a L22

]
, (9)

where L̂ forms a smaller pedigree of the genotyped and their ancestors so that Â−1 = L̂L̂′ is the
corresponding inversed pedigree relationship matrix.

After some simple matrix algebra, it can be shown that the Single-step relationship matrix
H can now be expressed using the relationship matrix Ĥ of the smaller population as

L′HL =
[
In 0
0 L̂′ĤL̂

]
, (10)

where

L̂′ĤL̂ = Î + (1 − w)P⊥
L̂′a

(L̂′2ZmZ′mL̂2 − Î)P⊥
L̂′a
, (11)

Zm is (centered and scaled) marker matrix (Gg = ZmZ′m), and P⊥
L̂′a
= Î − L̂′a (L̂aL̂′a)−1L̂a is the

orthogonal projection matrix of the submatrix L̂′a.
Now, a new fully orthogonalized ssSNP-BLUP (4) can be formulated using G̃ = I and

M = (L′)−1
[
In 0 0 0
0
√

1 − wM̂a
√
ŵI
√

1 − w (̂I − M̂aM̂′a)L̂′2Zm

]
, (12)

where M̂a = L̂′a (L̃′a)−1 and L̃a is the sparse Cholesky factorization of Âaa (= L̂aL̂′a = L̃aL̃′a).
The main advantage here, compared to Taskinen et al., 2017, is that the size of the sparse
Cholesky factorization matrix (L̃a) is now number of non-genotyped ancestors of genotyped
(Âaa) instead of all non-genotyped (A11). The same reduction in the size of the Cholesky ma-
trix has been used before in Strandén et al., 2017 when calculating (A22)−1 for the ssGBLUP.
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Numerical feasibility of Single-step SNP-BLUP with very large number of genotyped

When the number of genotyped individuals increases, submatrices L̂a and L̂2 remain very
sparse, having at maximum three non-zeros per each column. Inverses of matrix L can also
be calculated numerically very efficiently by reordering the individuals into (reverse) age order
so that the matrix becomes lower triangular and corresponding inversion operations can then be
performed instead using forward and backward substitutions.

The sparse Cholesky factorization matrix L̃a, on the other, has some fill-ins depending on
the pedigree properties and relative proportion of genotyped and non-genotyped (ancestors) in
the population. For ssSNP-BLUP to be numerically feasible in the case of very large number of
genotyped individuals the memory reguirements of matrix L̃a must remain manageable.

This was investigated by simulating different proportions of genotyped animals in Nordic
dairy cattle population. The pedigree had 9.2 million animals and was divided into groups of
genotyped and non-genotyped with four genotyping scenarios: A) All bulls, random cows; B)
All bulls, youngest cows; C) Random; D) Youngest. In all of the four scenarios the proportion
of genotyped cows (scenarios A and B) or animals (C and D) was sampled between 1% and
90%.

Results

Figure 1 shows the numbers of non-zeros in the Cholesky matrix L̃a with the four genotyp-
ing scenarios. Numbers of non-zeros are divided by the size of the pedigree, i.e. number of
non-zeros in the L matrix (26.5 million). The sparsity preserving Cholesky factorization was
calculated using the CHOLMOD library, Chen et al., 2008.
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Figure 1: Number of non-zeros in the Cholesky matrix L̃a relative to the size of the pedigree
(nnz(L) = 26.5 million) with the four genotyping scenarios.

When all bulls were genotyped (scenarios A and B), the number of non-zeros remains
very low. The highest number of non-zeros occurs when youngest 30% of all animals (about
2.8million) are genotyped (scenario D), resulting to about 13 times the non-zeros of the pedigree
(matrix L) and needing about 5 gigabytes of memory.
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Conclusion

All fully orthogonalized ssSNP-BLUP were shown to share the same convergence properties
with respect to the iterative solutionmethods. A new ssSNP-BLUP formulationwas presented in
which the Single-step relationship matrix H was expressed using smaller pedigree of genotyped
and their ancestors. The feasibility of this ssSNP-BLUP formulation was investigated in the case
of very large number of genotyped using different scenarios of proportion of genotyped animals
in Nordic dairy cattle population. Memory requirements of the needed sparse Cholesky matrix
were found to be manageable indicating that the ssSNP-BLUP remains numerically efficient
when the number of genotyped animals increases.
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